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Abstract 
This paper deals with the following question: Can one find a linear pencil of plane curves 
of a given degree m, defined over the rational number field Q, with rn* distinct Q-rational base 
points, such that every curve belonging to the pencil is irreducible? The answer for m = 3 is 
well known, which gives an elliptic curve defined over Q(r) with Mordell-Weil rank r = 8. For 
general m, an affirmative answer will give an algebraic curve over Q(t) with rank r = m2 - I 
(cf) [7]. The case m = 4 is solved in the affirmative in this paper. The question is open for 
m > 4. @ 1999 Elsevier Science B.V. All rights reserved. 
1991 Math. Subj. Cluss.: Primary 14C21, 14G05, 14H25. 
1. Introduction 
Fix a positive integer m >_ 3. Let {rt 1 t E P’} be a linear pencil of plane curves of 
degree m in a projective plane P* over an algebraically closed field k. By Bezout’s 
theorem (see e.g. [2,3]), the number of the base points of the pencil is m2. Assume 
the following conditions: 
(Al) Every member r, is irreducible and general members are nonsingular. 
(A2) The m2 base points of the pencil are distinct. 
Then the generic member r = r, of this pencil (for t generic over k) is a nonsingular 
curve of genus 9 = (m - I)(m - 2)/2 defined over the rational function field K = k(t). 
We denote the m2 base points by Pi (i = 0, 1, . . . , m2 - 1). Each Pi gives a K-rational 
point of r. 
Let J denote the Jacobian variety of TJK and J(K) the group of its K-rational 
points. By choosing one of P,, say PO, we have a natural embedding of r into J 
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sending PO to the origin of J, and thus we have 
PI , . . .,P,,,-, E T(K)cJ(K). 
In [7], we have proven the following: 
Theorem 1. Under the conditions (A 1) und (A2), J(K) is a finitely generuted torsion- 
free abelian group of rank r =m2 - 1, and the r points Pi (1 5 i < r) generute u 
subgroup of index m in J(K). 
The case m = 3 is a well-known result due to Manin and Shafarevich. The proof is 
based on the idea of Mordell-Weil lattices (cf. [4,6,9]). 
Now letting k be an extension of Q (i.e. char(k) = 0), we have raised the following 
question in [7]: 
Question. For a given degree m > 4, does there exist a pencil of degree m curves, 
defined over Q, satisfying (Al), (A2) such that all the m2 base points are Q-rational? 
In the case m = 3, the answer is well known to be affirmative. Indeed, if we take 8 
Q-rational points of P 2 “in general position” and consider cubic curves passing through 
these points, we obtain a linear pencil with required property. This argument works 
roughly because the equation of a cubic curve contains 10 coefficients and imposing 
eight conditions leaves two free coefficients, which give rise to a linear pencil. This is 
one of the standard methods to construct elliptic curves over Q(t) of rank 8, which 
serves also as a starting point, as N&on showed, for constructing those with higher 
rank (see [5]). 
For m > 4, this argument simply does not work, and we need some new idea even 
for the first unknown case m = 4. 
The aim of this note is to give a positive answer to the question in the case m = 4, 
by using a Tschirnhausen trick. 
Recently, I have proven in [8] the existence of genus y curves with rank at least 4g+7 
(here the rank of a curve means the Mordell-Weil rank of its Jacobian variety). When 
I gave my first talk on this subject at the Colloquium at Tata Institute of Fundamental 
Research last November, Professor Simha pointed out to me that the polynomial identity 
used in the construction of curves is a special case of the so-called Tschirnhausen 
transformation, and refered to Abhyankar’s Notes [ 11. 1 am very grateful to Professor 
Simha for his remark which inspired me to reconsider the above Question. 
2. Tschirnhausen trick 
2.1 
Lemma 2. Suppose N = mn is a product of two positive integers m,n > 1. Let Q(x) be 
a manic polynomial of degree N in x with coeficients in a jield (or a ring) in which 
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m is invertible. Then there exist a unique manic polynomial h(x) of degree n and 
polynomials gz(x), . . . , g,,,(x) of degree < n - 1 which satisfy the following polynomial 
identity: 
Q(x) = h(x)” + gz(x>h(x>“-2 + . . . + g,&). (1) 
Proof. See [ 1, ch.11, esp. Theorem (4.4). (The above h(x) is called an “approximate 
mth root” of G(x) there.) 
Now we take Q(x) in a split form: 
Q(X)= fi(X - Ui) (Ui #Uj for i fj) (2) 
!=I 
and define h(x) and g2,. . . , gm by the lemma. Consider the affine curve of degree n 
Co: y - h(x)=0 (3) 
and another curve 
c,: ym + g2(X)ym-2 + . . . + gm(x> = 0. (4) 
By (l)-(4), the intersection points of these affine curves are given by the N distinct 
points 
P,: x=u;, y=h(ui) (1 <i<N). (5) 
2.2 
For a moment, suppose n = m, N = m2. If we assume that the degree of the second 
curve C, is equal to m, then the linear pencil of degree m curves generated by the 
above two curves will give a good candidate for answering our question. 
This assumption is true in the case m = 3, and this gives a (probably new) method 
for the known case m = 3, i.e. for constructing elliptic curves over Q(t) of rank 8. 
Unfortunately, the said assumption fails in general for m > 3. So, to treat the case 
m = 4, we proceed as follows, the modification being suggested by the recent work [8]. 
3. Case of quartic curves 
Consider the case N = 8 with m = 4, n = 2 in 2.1. Then CO: y = h(x) is a curve of 
degree 2, while the curve 
C,: Y4 + Y2WY2 + $73(X)Y + g4(x) = 0, 
has degree 4 where each gi(x) has degree 5 n - 1 = 1 
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Next we consider the double cover of these affine curves via the map x=X2, y = Y, 
to obtain two curves of degree 4: 
To: Fa := Y - /z(P) = 0, (6) 
r ’ 03  Fa := Y4 + g2(X2)Y2 + g&P)Y + g&P) = 0. (7) 
Denoting by the same letters ra, r, the projective curves in P2 with homogeneous 
coordinates (X : Y : I), we consider the linear pencil of degree m curves {rl 1 t E P' } 
generated by the above two curves. Thus, for t # 00, r, is the plane curve defined by 
the affine equation 
r,: F,:=FO-tF,=O 
and the notation is chosen to be compatible for t = 0, cc. 
Now suppose ui = t,? for all 1 5 i 5 N = 8, and assume 
ti#O, ti#*tj (i#j). 
Then, in view of the polynomial identity: 
8 
II (X2 - tf) = h(x2)4 + g2(x2>h(x2>2 + g3(X2>h(X2> + g4(X2), 
i=l 
(8) 
(9) 
(10) 
we see that the following 2N = 16 points, 
Pj? X= *t,, Y =h(t,?) (1 5 i 5 N=S). (11) 
are in the intersection of l-0 and rl. Therefore, the base points of the linear pencil under 
consideration are exactly the above 16 points P,’ by Bezout’s theorem. In particular, 
this pencil for m = 4 satisfies the condition (A2) in Section 1 under (9). 
Lemma 3. With the above notation, we have 
h(x) =x2 + ax + 6, (12) 
where 
a = fq, cl= - &t?, (13) 
i=l 
b = i(cz - 6a*), c2 = c tft; 
Proof. Straightforward computation. 0 
Lemma 4. Suppose given tl,. , tg. 
(i) The 3 points PT, P2f, P: are collinear if and only (f 
n (ti - t/).G2(tl>t2,t3)=0, 
I <i<j<3 
(14) 
(15) 
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where 
(ii) The 6 points PT, P:, . , Pz lie on u conic if and only lf 
(16) 
J-J (ti - tj).Gs(tl,...,th)=O, (17) 
I <ic,j<6 
where Gs is a certain homogeneous polynomial of total degree 5 in ti which is a 
symmetric ,function in tl, . . . , tb with coej‘kients in Q[a, b]. 
Proof. Exercise in linear algebra and symmetric functions. 0 
Corollary 5. Assume t;‘s satisfy (9). Then 
(i) The 6 points PT, PI, P2f,. . . , PC lie on a conic if and only lf 
H5(t,, . , t5) := Gs(t,, . . . , t5, -tl) = 0. 
(ii) The 6 points P:, PI, Pl, Pz, Pz, Pz lie on a conic if und only if 
(18) 
15(t,, . . , t4) := Gs(t,, . , t4, -t2, -tl) = 0. (19) 
Proof. Immediate from Lemma 4(ii). ??
Lemma 6. The 6 points PT,P;,P$,P,,Pc, PC always lie on a conic. 
Proof. This is an easy exercise in linear algebra. 0 
Theorem 7. Let N = 8 and m =4. Assume that tl , . . , tx E Q satisfy the folIowiny 
conditions: 
Q# *tj (ifA, ti#O, 
G(tl> t2, ts > # 0, 
Gs(h,...,tb)#O, 
H5(tl>.'.,t5)#0, 
f5(fl,...>t4)#0, 
(20) 
(21) 
(22) 
(23) 
(24) 
t,’ - tf - tz - t: is not a square in Q 
i=l 
(25) 
and those conditions (21’)-(25’) which are deduced ,from (21))(25) by arbitrary, 
permutation and sign change of tl , . . . , tg. Then, for the linear pencil {f, 1 t E P' } of 
quartic curves dejined as above, every member is irreducible and the 16 base points 
given by (1 1) are distinct Q-rational points. 
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Proof. It suffices to prove that every member of the pencil is irreducible. Assume the 
contrary. Then there is a reducible member, say r,, and we can write it as 
where each Di is an irreducible curve of degree di < m = 4. By Bezout’s theorem, the 
intersection number of Di and rs is 4di. Since v 2 2 and d 1 +. . . + d, = 4, the smallest 
degree, say dl , must be either 1 or 2. 
First, assume dl = 1. Then DI is a line which contains 4 of the 16 base points in 
(11). But no three points among (11) are collinear under (20), (21) and (21’) by 
Lemma 4(i), hence a contradiction. 
Next, assume dl = 2. Then DI is a conic which contains 4dl = 8 points among the 
16 base points in (11). Let us show that this is impossible. 
By Lemma 4(ii) and Corollary 5, we see that, under the conditions (20), (22), (22’), 
(23), (23’), (24), (24’), six points among (11) can lie on a conic only when they are of 
the type in Lemma 6 up to permutation. For the six points P’ (i = 1,2,3) in Lemma 6, 
the conic passing through them are uniquely determined. A computation shows that the 
intersection of this conic with To: Y = h(X*) has, in addition to these 6 points, two 
more points whose X-coordinate satisfies 
Thus, under (25), the remaining two points cannot be Q-rational, and they cannot be 
among the base points (11). Therefore, the conic DI cannot contain 8 base points. 
Thus, we have shown that every member of our linear pencil is an irreducible quartic 
curve, proving Theorem 7. 0 
4. Examples 
Example 1. Take (t;) to be the first 8 odd prime numbers: 
ct1,t2,..., &)=(3,5,7,11,13,17,19,23). 
Then, we have h(x) =x2 - 388x + 7773 and the 8 points PT are given by 
(X,Y)=(3,4362),(5,-1302),(7,-8838),(1 I,-24534) 
(13, -29238), (17, -20838), (19, -1974), (23,82362), 
and Pi are obtained by changing the sign of X-coordinate. 
The linear pencil of quartic curves with the 16 base points P,* are given by 
r,: Y -X4 + 388X2 - 7773 = 0, 
l- co: Y4 +(-9499504X2 - 351403288)Y* 
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+(-219839067904X2 + 2889878536OOO)Y 
-398336252016576X* + 7560682966310736 = 0. 
The assumptions in Theorem 7 are all satisfied for this example. No three points 
among the 16 points are collinear, and no six lie on a conic except for the 56 sets 
obtained from {PI* (i = 1,2,3)} by permutation. In the exceptional cases, the conic 
passing through the six points P,* (i = 1,2,3) is given by 
Y2 - 10668OY - 36681480X* + 776444436 = 0, 
which intersects To: Y = h(X2) at two more points with X2 = 693 (see (25)); thus, no 
8 base points can lie on this conic, and similarly for all 56 tonics. 
Therefore, this is an explicit example giving a positive answer to the Question for 
degree m = 4. 
Example 2. Let us mention our first experimental data: 
In this case, we have h(x) =x2 - 51x + 204. Obviously, the condition (A2) holds, but 
(Al) fails (rather delicately) as explained below. 
By the proof of Theorem 7, a reducible member of the linear pencil, if any, contains 
a line or a conic as an irreducible component. Further such a line (resp. conic) must 
pass through 4 (resp. 8) base points. 
In this example, we see that three base points can be collinear; in fact, there are 
exactly 4 sets of such: (P:,Pz,P,}, {P,‘,P,‘,P;} and those with the sign changed. 
Hence there are no lines containing 4 base points. Thus, no members of the pencil 
contain a line. 
On the other hand, we see that there is a unique reducible member which decom- 
poses into the union of two tonics. These tonics pass through 8 base points each, 
{PF,P:,P,‘,Pf} and {P,‘,P:,P:,P:}. 
For the verification of these examples, we used a computer. 
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